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Shape Optimization of Plate and Shell Structures

M. E. Botkin*
General Motors Research Laboratories, Warren, Mich.

In the past, much of the work done in structural optimization consisted of resizing the members of fixed
configuration models. There is, however, a broad class of plate and shell problems in which an additional
'reduction in mass can be attained by including in the design process the capability for varying the shape of
boundaries and the shape and location of cutouts. This additional capability has made it necessary to address
other problems such as how to maintain an adequate finite element model, how to define perfectly general
shapes which satisfy a number of criteria, and how to impose the proper constraints so that a realistic design
results. The shape design capability is demonstrated on practical problems which result in as much as 35%
weight savings over a uniform thickness design with fixed boundaries.

Introduction

STRUCTURAL optimization, in the classical sense, has
been considered to be the minimization of structural mass

by varying member sizes and plate thicknesses of a model in
which the geometry remains unchanged. It soon becomes
apparent, however, that an additional mass reduction can be
attained by including in the design process the ability to vary
the structural geometry. This idea seems particularly ap-
pealing in the case of plate and shell designs with thickness as
the only design variable in which no further mass reduction
can be attained due to either a minimum gage requirement or
a constant thickness requirement imposed by the manufac-
turing process. This reasoning has led to the shape design
process described in this paper. The process consists of adding
design variables which characterize either the shape of an
exterior boundary or the shape and location of an interior
cutout. These additions lead to the necessity of addressing
other problems such as how to maintain an adequate finite
element model, how to define perfectly general shapes which
meet a number of criteria, and how to impose the proper
constraints so that a realistic design results.

Recent work in shape design generally can be categorized as
follows: 1) weight (or mass) minimization with stress con-
straints, and 2) stress minimization. In the first category,
several authors1-3 have presented similar papers in which two-
dimensional isoparametric finite elements were coupled with
penalty function optimization to design the shapes of a variety
of dams, axisymmetric plates, and axisymmetric pressure
vessels. Design variables were usually ̂ considered to be the
coefficients of polynomials used to approximate the boundary
shape. Emphasis was placed upon the need to make the
solution process more efficient through the use of analytical
techniques for obtaining derivatives and approximation
techniques for representing stress constraints. In the second
category, authors have presented techniques based upon
mathematical programming for designing fillets and other
two-dimensional curved boundaries where stress con-
centrations might occur.4'5 Quite obviously, the solution to
this problem is similar to the weight reduction problem except
that the weight is replaced by the stress as the objective
function of the optimization problem. An optimality criterion
is used by the authors in Ref. 6 to obtain optimum shape
design of plates for the case of mean compliance of elastic
structures of a nonlinear material. Schnack7 used a constant
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tangential stress distribution criterion to obtain the optimum
shape of load-free notch surfaces.

In general, none of the aforementioned authors have
treated the general three-dimensional plate and shell problem
nor have they emphasized the need for a uniformly applicable
approach for maintaining mesh integrity. Furthermore, only
stress constraints have been considered which greatly limits
the types of problems that may be solved.

Problem Statement and Assumptions
The general problem to be dealt with in this paper is the

minimization of structural mass while satisfying certain
constraints placed upon stresses, displacements, and
frequencies. The problem can be stated mathematically as:

Minimize

subject to

k=l,2,...,m

(1)

(2)

in which n is the number of design variables, ay the design
variables, and m the number of behavior constraints. Both g
and/are, in general, nonlinear functions. Limitations are also
placed upon the range of the design variables and are referred
to as side constraints. A general-purpose computer program8

' was written to handle the problem stated in Eqs. (1) and (2).
The program couples the mathematical programming
technique of feasible directions9 with a general-purpose finite
element program. Finite element types available are two-
noded beams and three-noded plates that allow both stretch-
ing and bending deformations. The shape design capability
has been included in the optimization program by adding to
the existing design variables of plate thickness and beam
cross-sectional dimensions, ones which control the shape of
the boundaries of the finite element model.

A basic ingredient of the design process is the structural
response derivative matrix taken with respect to the design
variables. In the case of shape design, the boundary shape is
always related to the nodal point locations through a func-
tion. The necessary derivatives, then, would be with respect to
the nodal point coordinates and can be obtained by partial
differentiation of the well-known static equilibrium
equations, as follows10:

- I * ) , (3)
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in which d{u}/dXj is the partial derivative of the
displacements with respect to the nodal coordinates that are
directly influenced by the shape design variables. [K]e

f is the
element stiffness matrix for element £, and [e]f are the
displacements of element L All elements are included in the
summation that are influenced by the corresponding shape
design variable. The term d[K]e

e/dXj is the partial derivative
of the element stiffness matrix with respect to the nodal
coordinates. An analytical formulation for this term is
strongly dependent on the element type and, therefore, a more
general approach was used in which the derivative is obtained
using finite differences.

Design Variable Selection
As is the case in many optimization problems, some latitude

exists in the choice of design variables. In beam design
problems, for instance, thickness and section dimensions
could be chosen as design variables or merely the moments of
inertia. Each choice may have its own advantages. The choice
of design variables changes the character of the problem by
changing the degree of nonlinearity of the objective or
constraint functions or by imposing additional, implicit side
constraints.

One obvious choice of design variables for shape design
would be the nodal coordinates of the boundary it is desired to
vary. A major problem with this choice would be the resulting
large number of design variables. The advantage, of course,
would be the ability to obtain a general curved boundary,
consistent with the finite element model, in which the
structure is allowed to assume whatever shape is necessary to
obtain the minimum weight. The problem with this generality
is that an undesirable or impractical shape will most surely be
produced.

In the technique described in this paper, the design variable
is chosen to be the amplitude of a prescribed function, or the
summation of several functions, which relates the nodal
points along the boundary. This choice will result in a
relatively small number of design variables and the final
design will more likely be a desirable shape. Furthermore, this
choice lends itself to some practical engineering problems in
which the general shape may be known and only slight
modifications in this shape may be required.

Shape Design Element
In order to be consistent with the existing optimization

program, the concept of a plate or shell shape design element
was formulated. The concept is merely for convenience in
transferring information between the optimization phase of
the design and the analysis phase. The characteristics of the
design element are its volume, design variables, and con-
straints. Figure 1 represents what may be considered to be a
shape design element. The element is defined by four
boundaries which, in a general sense, are the design variables.
To create a design model, several design elements must be
used. A polar coordinate system has been implemented, curve
a in Fig. 1, so that design variables describing closed interior

curves can be more easily handled. In order to allow more
generality, any number of prescribed functions, r(6) or f(s)
(Fig. 1, curve b), may be summed to obtain the final shape

F(s) =a1fl (s) +...+anfn (s) (4)

in which an are the actual design variables used by the op-
timization process.

From the viewpoint of the finite element analysis, each
design element is composed of a number of triangular
membrane or bending elements connecting a series of nodal
points. The nodal point locations have been computed based
upon the value of the shape design variables determined at a
design stage. The volume of the design element is merely the
summation of the volume of all the finite elements contained
in the design element. Only one stress constraint is assigned
per design element and its value is the maximum of all the
finite element stresses.

Mesh Generation
Several problems associated with shape design variables

were resolved by using a regionalized mesh generation
technique. This method automatically generates internal
nodal point locations of only the points in an isolated region
influenced by the specific boundary which has changed. It
permits the reduction of stress constraints from one per finite
element to one per region and provides for easy identification
of the structural elements in the region. Also, an obvious
advantage is the ability to quickly create a finite element
model or to quickly change the degree of mesh refinement.

A two-dimensional mesh generation algorithm11 was
modified for creation of three-dimensional plate models. This
technique requires the model to be divided into coarse
quadrilateral regions composed of straight lines or quadratic
curves. A straight edge requires the definition of two nodal
points, whereas a curved edge requires the definition of three.
Each region is then automatically subdivided into structural
elements specified by the number of divisions desired in the
two local coordinate directions. The internal nodal point
locations are computed using isoparametric mapping

/= /
8

/=/

8

(5)

(6)

(7)

where x, y, and z are the global coordinates of a nodal point;
xit yit and z/ are the coordinates of the points specifying the
regional boundaries; 0 and 77 are the unmapped coordinates of
the point ( - I < j 3 < l , - l< r?< l ) ; and TV, is a shape func-
tion 12 determined by the degree of curvature of the bound-
aries. A boundary can be entirely specified by three points
and, therefore, TV, must be quadratic.

b)

Fig. 1 Shape design element. Fig. 2 a) Design element model; b) generated finite element model.
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Table 1 Design results for plate example

Case xi X2. Mass, kg Change,
Initial

A
B
C
D

1.50
1.88
2.30
3.00
2.59

1.50
1.88
2.30
2.40
2.59

5.0
5.0
6.5
6.00
5.41

6.10
6.10
5.50
5.47
5.19

1.50
1.42 '
2.27
3.00
2.64

1.50
1 .42
2.27
2.40
2.64

15.0
15.0
13.5
14.00
14.45

3.90
3.90
5.49
5.47
5.21

0.4371
0.4294
0.3939
0.3655
0.3091

0
1.8
9.9

16.4
29.3

500N 500N

750 N

b)

Fig. 3 a) Design element model; b) generated finite element mesh;
c) stress contours.

Figure 2b shows an example of having used this technique
to generate the mesh for the four shape design elements in Fig.
2a in which the curved boundary is reflected in the internal
nodal point locations. The large dots in Fig. 2a represent the
only nodal coordinates necessary for the definition of the
boundaries. The actual location of these nodes is determined
from the shape design variables. For instance, the radius and
center1 location design variables associated with the circular
hole determine the location of the nodes around the hole's
boundary. As the design proceeds and the hole changes size
and location, the internal node point locations are con-
tinuously updated relative to the nodes on the boundary. In
the absence of such regeneration, the elements surrounding
the boundary would soon become badly distorted.

The identification and computation of stress constraints
has also been facilitated by using regionalized mesh
generation. Generally, one stress constraint is assigned to each
structural element. This results in a large number of con-
straints as well as a potential problem for shape design. As the
shape changes, it is likely that the element which contains the
maximum stress will also change, thus creating the possibility
of having a different stress constraint being active at each
step. By assigning one constraint per region and computing its
value as the maximum of all the finite element stresses in the
region, the jumping from one active constraint to another can
be avoided. Even though by doing this one theoretically

a)

O

b)

Fig. 4 a) Radius variables only, case A (mass = 0.4294 kg); b) stress
contours, case A.

constructs a constraint function which is discontinuous and
nondifferentiable, for the small boundary changes which
occur from one step to the next the function behaved well and
appeared to cause no problems. Another potential problem
was if critical stresses occurred on more than one boundary of
a design element. We monitored this condition by looking at
stress contours in various stages of the design and, if this had
occurred, an additional stress constraint would have been
allocated to that design element.

An additional simplifying assumption is that the stress
constraint for a region is dependent only upon those shape
design variables related to the boundaries of that region. This
dependency is extended to other design elements through
design variable linking. This assumption reduces considerably
the computation necessary to obtain a stress gradient.
Although it was recognized that this assumption is restrictive,
it worked well for the test problems that follow. For global-
type constraints, i.e., displacements and frequencies, no such
assumption was imposed.

Applications
Some two-dimensional examples will be presented to

demonstrate the shape design capability, although it should be
mentioned that the techniques described in this paper are
generally applicable to more complicated three-dimensional
plate bending problems subjected, to frequency as well as
static loading conditions.

Shape and Location of Holes
The flat plate shown in Fig. 3a is 20 x 10 cm with an in-

plane, uniformly varying tensile load applied at the ends in the
global .^-coordinate direction. Eight shape design elements
were used to model two holes of size and location given in
Table 1. The generated finite element mesh, shown in Fig. 3b,
was composed of 768 constant strain triangles. The maximum
stress for the initial design, shown in Fig. 3c, occurred at point
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a) a)

c)

Fig. 5 a) Radius plus translation variables, case B; b) stress contours,
case B (mass = 0.3939 kg); c) undesirable hole design.

A. The plate is considered to have a fixed, constant thickness
of 0.3 cm with a stress constraint of 6500 N/cm2.

Several alternative designs, each having a different number
of design variables, are shown with the corresponding stress
contours in Figs. 4-7 and tabulated in Table 1. The design
shown in Fig. 4a resulted from allowing only the radii of the
holes to vary. Since the hole on the right side was "against"
the stress constraint initially, only the hole on the left could
become larger. Its size increased until it also was "against"
the constraint. Figure 5a shows the results of allowing the
holes to translate. The hole on the right is now permitted to
increase in size as it "pushes" away from the constraint
toward a region of lower stress. Finally, Fig. 6a shows the
results of allowing the shape of the holes to vary using an
elliptical shape function. In this case, the holes were permitted
to elongate into the lowly stressed regions and at the same
time change the degree of curvature on the side where the
stress constraint was active. This curvature change reduced
the stress, thus permitting an additional elongation in this
direction. The holes also tended to move closer together. This
movement, however, was restricted by side constraints in
order to keep a reasonable amount of material around the
edges. Figure 5c shows an obviously unrealistic design in
which there were no side constraints. It does suggest,
however, the necessity for a capability to completely redefine
the design elements, as shown in Fig. 7a, based upon
recognition that the material between the holes is being
eliminated. This is not presently an automatic feature of the
design technique but, due to the small amount of data
required for defining the design elements, such a transition
from holes to a slot was accomplished with very little effort.
Figure 7b gives the optimum slot design which resulted in the
lowest mass of all the alternative configurations.

Extended Problem with Displacement Constraints
Figure 8a represents a proposed design for an automotive

rear suspension torque arm. It is approximately 50 x 9 cm and
is 0.3 cm thick. For this example, a single, nonsymmetric,

Fig. 6 a) Ellipse plus translation variables, case C (mass = 0.3655
kg); b) stress contours, case C.

a)

b)

c)

Fig. 7 a) Slot design element model, case D; b) final slot design
(mass = 0.3091 kg); c) stress contours, case D.

static loading condition was applied in the x-y plane as shown
in Fig. 8a. The arm was constrained against translation and
rotation at four points around the hole at the right end. For
the shape optimization, constraints were imposed upon
stresses and the tip displacement of 81,000 N/cm2 and 0.6
cm, respectively. The part was assumed to be at the optimum
uniform thickness. Two configurations were chosen for
comparison, one in which material was to be removed from
exterior boundaries and one in which material was to be
removed from the interior. The respective shape design
element models are shown in Figs. 8a and 8c. The
automatically generated finite element meshes for each
configuration are shown in Figs. 8b and 8d.
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The design variables for the configuration in Fig. 8b were
chosen to permit material to be removed from the boundary
between points A and B and to allow the hole on the right to
vary. Two different shape functions were chosen for com-
parison. Figure 9 shows the shape functions, each having two

. design variables, Al and A2, which permit nonsymmetric
boundary movements. Function A is a continuous cubic with
zero slope at the ends. The design variables are the magnitude
and location of the maximum value of the function. Function
B is composed of discontinuous segments; cubic segments at
the extremes connected by a linear segment. The design
variables are the values of the function at the ends of the
linear segment located at points C and D in Fig. 8b. The final
boundary shape designs are shown in Figs. lOa and lOb, and
Table 2 gives the final values of the design variables and the
final masses. The superscripts in Table 2 refer to the par-
ticular boundary of the model and the subscripts refer to the
particular design variable as shown in Fig. 9. Superscript 1
refers to the top of the model as viewed in Fig. 8a and
superscript 2 refers to the bottom of the model. The boundary
shape design using function B produced the lowest mass
primarily due to the ability to remove more material from the
lowly stressed areas. This is an extension of the design
variable selection problem described earlier in which the
character of the shape function has a marked effect on the
final design. The effect can be thought of as an implicit

5066 N

Fig. 8 a) Torque arm design element model; b) generated finite
element model; c) slot design element model; d) generated finite
element model.

linking of the nodal coordinates which limits the amount of
material which may be removed.

The configuration shown in Fig. 8c was chosen for com-
parison because of its possible efficiency in meeting the tip
displacement design criterion. The design variables are the
radii and location of the circular ends of the slot as well as the
radius of the hole on the right. The final design is shown in
Fig. lOc and the design variables are given in Table 2. The
subscripts in the table refer to the radii as viewed from left to
right. As expected, this configuration produced the lowest
mass. There is a possibility, however, that this may not be a
realistic design due to the long, narrow segment in com-
pression. A more realistic comparison of the two con-
figurations could be made by also considering the buckling
capacity of each. For the constraints imposed, however, the
slot design is the most mass efficient.

-M

-10 cm

function A

-10 cm-

function B

Fig. 9 Shape functions used in boundary design.

c
Fig. 10 a) Final boundary design using function A (mass = 0.7584
kg); b) final boundary design using function B (mass = 0.7091 kg);
c) final slot design (mass = 0.6740 kg).

Table 2 Design results for automotive torque arm

Case A\

Initial 4.00
boundary

Boundary 7.44
function A

Boundary 6.21
function B

Ri X1

Initial 2.0 335.84
slot

Final 2.386 335.84
slot

A1
2

4.00

3.92

7.54

Y,
34.85

35.07

A].

4.00

1.88

1.92

R2
2.0

3.161

A2
2 R

4.00 4.00

4.31 3.94

2.67 3.79

X, YL R3

357.72 32.56 4.00

357.72 32.68 4.221

Mass, kg

1.0300

0.7584

0.7091

Mass, kg

0.7968

0.6740

C h a n g e ,
<7o
0

26.4

31.1

Change, %

22.6

34.6
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Summary and Conclusions
1) An optimization capability for shape design has been

presented for general plate problems. The objective is mass
reduction in which constraints can be imposed upon
displacements, stresses, and frequencies. The finite element
analysis technique can handle general three-dimensional plate
and shell problems using a three-noded triangular plate
element with combined stretching and bending characteristics.
Although no examples have been presented, this technique
should be capable of handling general three-dimensional shell
design problems.

2) Shape design can be effectively incorporated in the
design process by choosing variables which are the amplitudes
of predetermined shape functions. This tends to allow fewer
design variables but causes the choice of shape function to
have a significant effect on the final mass.

3) A regionalized design element concept has been formu-
lated which incorporates a number of features for facilitating
the shape design process: a) the shape design variables control
the boundaries of the element; b) the internal finite element
mesh is automatically generated at the beginning of the design
process, and the nodal points are regenerated at each design
step; c) the number of stress constraints is greatly reduced by
assigning one per shape design element; and d) the stress
constraints can be considered to be dependent only upon the
shape variables for that design element.
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